that Q = Q. If so we may apply Bertini's theorem and Hilbert's irreducibility theorem to show that G is realized as a Galois group over Q.
There are many diophantine (sic!) problems where our psychological motivation is not to have F turn out to be F, but rather to have G (F/F) be as large as possible. The Schur problem and the theory of complex multiplication are two examples of such problems. In ?2 we complete the solution of the Schur problem for rational functions (of prime degree) by noting the precise connections between these two problems (and the theory of division points of elliptic curves).
We review quickly the contents of this paper section by section. After preliminary notation and definitions in ? 1, ? L.A discusses Riemann's existence theorem and the description of covers of PI through the use of branch cycles. We have added to the classical interpretation of branch cycles some important comments on the explicit (algebraic) computation of a description of the branch cycles of a cover. In ? 1.B we consider the exact conditions under which the points of a cover of P' lying over branch points provide rigidifying data (i.e., the identity is the only automorphism of the cover leaving invariant each of these points).
In ?2.A, after we explain carefully the original Schur problem, we consider the general Schur problem which specializes to the Schur problem for rational functions. The important results here are the translation between arithmetic (diophantine) conditions and geometric conditions concerning the arithmetic monodromy group of a cover. In ?2.B, we show that, using the theory of elliptic curves, it is possible to solve the problem posed by the conditions on the arithmetic monodromy group of a cover that arises in the consideration of the Schur problem for rational functions of prime degree.
Riemann's existence theorem says that the geometric monodromry group of a cover of Pl is deterniined by branch cycle data. In ?3 we consider all triples (Y, p, F) consisting of a cover Y . P' defined over a field F such that the cover has a given (a priori) description of its branch cycles. Msing previous notation, the arithmetic monodromy group of the cover is G(f(Y")/F(P')). A conjecture is described that supports a precise version of the statement: the arithmetic monodromy group of the cover is deternmined by branch cycle data and the residue class fields of points lying over the branch points of the cover. Here we use the rigidifying data of ? 1.B to consider certain appropriate families of covers of P' related to (but not the same as) Hurwitz faniulies. The section also relates the extent to which the results of ?2 are support for this conjecture.
We would like to thank Armand Brumer for his suggestions on the exposition of portions of this paper and the related results of [Fr, 1, ?2]. Also, it is fairly clear that Herbrand considered problems similar to those discussed in this paper. Since his letter to E. Noether consists of a sketchy list of private discoveries it is difficult to make a precise comparison with [He] . However, we make an attempt at the end of ? 1 to give a technical interpretation of his remarks. It was Marvin Tretkoff who suggested the relevance of Herbrand's letter when we first tried to expose various arithmetic versions of Riemann's existence theorem during a stay at the Institute for Advanced Study.
Preliminaries on covers and Riemann's existence theorem Let W (
V be a cover of absolutely irreducible, normal, quasi-projective varieties such that W, V, q(V, W) are defined over a perfect field F. All function fields are assumed to be embedded in a fixed algebraically closed field containing F. We retain the notations of the introductn and we assume that 9p(V, W) is a separable morphism of degree n. Let F(-.'() be the Galois closure of the field extension F(W)/F(V).
There is a variety over F, W, such that we have a cover W-* W-+ V and If we are given a description of the branch cycles for Y/P', then the proposition above gives a necessary and sufficient (and computable) condition that ramification provides rigidifying data for Y/Pl.
In ?3 we explain the more general context to which the specific problems of ?2 belong. For covers Y -+ P' for which ramification provides rigidifying data we may form Hurwitz type families of covers of P' having a given description of their branch cycles. For covers Y 14 P1 for which ramification does not provide rigidifying data, "Kummer Theory" is an especially appropriate and explicit tool for extending these families. Indeed, a very special case of Kummer Theory allows explicit presentation of the totally ramified cyclic cover Yff4' YRig (as in the statement of the proposition). However, we have yet to carry out these considerations in detail. These comments are included here, since they may be the sort of thing that Herbrand had in mind in his sketchy letter [He] Let e(X) c Y1 x,Y2 be the absolutely irreducible curve corresponding to X. Since e(X) is not the identity correspondence the intersection of e(X) and the identity correspondence has support whose degree (as a point set) can be bounded as a function of n.
Let p E C(X) be an F'-rational place such that (2.7) 4 is not on the identity correspondence.
From the Riemann hypothesis for curves over finite fields there are IF'j + O(jF'j1/2) F'-rational places 4 satisfying (2.7) where: O(jF'j112) is bounded in absolute value by C. IF''1/2 for some constant C which can be given explicitly as a function of n. Thus, for IF'j large there is at least one such F'-rational place 4 satisfying (2.7). In addition: q&(pr1(4))= = 2(pr2(4)) (equal to an F'-rational place q on P'), and, if we identify Y, and Y2 with Y, from (2.7), prl(p) # pr2(p). Therefore Y has two F'-rational places lying above the same F'-rational place on P'. This contradicts our assumption that (Y, p, F') has the diophantine covering property, and we conclude the proof of the converse. C Let (Z/(n))* denote the invertible integers modulo n. For A a subgroup of (Z/(n))* let G(A,n)= (g la EeA,b eZ/(n)} 2.B. Elliptic curves and complex multiplication. In this subsection F is a subfield of C. Let E, E' denote elliptic curves (over C). That is: E (resp. E') is a projective algebraic curve of genus 1 having distinguished point Po (resp. P0) which acts as the origin for the natural addition structure on E (resp. E'). We say that E is defined over F if the projective structures on E and point Po are defined over F. The algebraic addition law is then automatically defined over F. We denote the elliptic curve (determined up to isomorphism over C) with 4 (resp. 6) automorphisms by Ea (resp. E,,). Let 0 (E) be a nontrivial subgroup of the automorphisms (fixing po) of E. We may regard E as a complex torus C/(2w1, 2w2) where (2w,, 2w2) denotes the Z lattice of C generated by 2w1 and
be a group of 2 x 2 matrices (under multiplication). The standard representation of this group on the integers modulo n is designated by T(A, n). We identify A with the subgroup of G (A, n) given by {(O ),I a E A). THEOREM 2.1. Let (Y, p, F) be a triple satisfying the Schur condition where: (2.8) the degree of T is a prime p (p = n). Then: (a) G (F(Y)/F(P')) = G (A (), p), and; (2.9) (b) G (F(Y)/F (P')) = G (A (T), p), where

Since (Y, T, F) satisfies the Schur condition, the group G(F(Y)/F(P')) (equipped with its natural embedding in S.) is not a doubly transitive group. By a theorem of Burnside [Bu] this implies that (2.9)(b) holds. Since G(F(Y)/F(P')) is a normal subgroup of G(FY)I/F(P')) we deduce (2.9)(a). Also, F =# F implies that A'(g)) ; A (g). When Y is of genus zero the Riemann-Hurwitz formula (1.4) implies that r (2.11) 2(p -1) = 2 ind(a(i)). i=1 Let the order of a(i) be e(i). If e(i) is equal to p then ind(a(i)) = p -1. Otherwise the index of a(i) is easily computed to be [(p -l)/e(i)](e(i) -1).
Therefore, if a(i) is not of order
2w2. For E different from Ea or E, 0 (E) is induced by multiplication by -I on C.
Letp be an odd prime. We consider 4-tuples (E, E'; 1, F) where E > E' is a degree p morphism of elliptic curves with E, E', and 1 defined over F. Thus, E' = E/G(?) where G(?) is a subgroup of E generated by some p-division point p on E. Also, G (0) as a set is defined over F. We assume also that the elements of 0(E) are defined over F and that G(?) (as a set) is 0(E) invariant. The curve E/0 (E) (quotient of E by the group 0(E)) is a projective genus zero curve (Kummer variety of dimension 1). From the 4-tuple (E, E', 1, F) we obtain a commutative diagram 
E/0(E)-E'/O(E')
of projective curves and morphisms, where 1, ~, pr(E), pr(E'), E/0 (E), and E'/0(E') are all defined over F.
LEMMA 2.1. For suitable choices of E and 0(E), each of the covers YP having a description of its branch cycles given by (2.10)(a), (b), (c), or (d) is isomorphic to the cover E/0 (E) 4 E'/0(E') (a cover of genus zero curves).
PROOF. We interpret the conclusion to mean: there is an isomorphism 4": We denote by P (z; ol, w2) the Weierstrass 9 -function of a complex variable z (where E Y C/(2w1, 2w2), as above). The field of functions on E/0(E) over C (resp. E'/0(E') over C) is given by C(QP(z; wl, w,)D) (resp. C(9 (z; w', w4)). We recall the addition formula for 9P(z; w1, w2) = .P(z): (0) is invariant under the action of 9 (E). Each such distinct subgroup gives a distinct cover of P' with branching of type (2.10)(d). We obtain two such distinct subgroups by considering: G(0), the group generated by (1, &) E H, and; G2(?), the group generated by (a, 1) E H. From these we obtain: two covers Y, --PI and Y2 -* P', each with 3 branch points (which we may select to be any three places on P') and each with a description of the branch cycles of type (2.10)(d). We will conclude the lemma if we show that there are only two nonequivalent descriptions of branch cycles satisfying (2.10)(d). When this is done, we conclude that the covers Y1 -* P' and Y2 -> P' give all the covers of P' with branch cycles as in (2.10)(d). We use the notation of Lemma 2.2. Our task is to show that the coordinates of a p-division point generating G (0) generates an extension of F of degree Let P' E 6P (Y, p) correspond to a cover Y' -4 P1 where this cover is defined over a field K'. Let P(l, k)1, . . . , P(l, k), E (Sp(lk) be the points of (p(l,k) lying over p', and let Kp(Ik) (P(1, k) ) be the field generated over K'-Kp(,k) by the inhomogeneous coordinates of the points P(l, k)l,... ., P(l, k),.
Arithmetic form of Riemann's existence theorem (Conjectural). Consider the field extension of K' given by: n (K(i,1)(P (i 1)) (i,2,(P (i 2)) ...
Kp(in(i))(P (i n(i))))
= Mpis I
